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Abstract Dimensionality reduction of high dimensional
data is involved in many problems in information process-
ing. A new dimensionality reduction approach called max-
imal local interclass embedding (MLIE) is developed in
this paper. MLIE can be viewed as a linear approach of
a multimanifolds-based learning framework, in which the
information of neighborhood is integrated with the local
interclass relationships. In MLIE, the local interclass graph
and the intrinsic graph are constructed to find a set of pro-
jections that maximize the local interclass scatter and the
local intraclass compactness simultaneously. This character-
istic makes MLIE more powerful than marginal Fisher anal-
ysis (MFA). MLIE maintains all the advantages of MFA.
Moreover, the computational complexity of MLIE is less
than that of MFA. The proposed algorithm is applied to face
recognition. Experiments have been performed on the Yale,
AR and ORL face image databases. The experimental results
show that owing to the locally discriminating property, MLIE
consistently outperforms up-to-date MFA, Smooth MFA,
neighborhood preserving embedding and locality preserving
projection in face recognition.
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1 Introduction

Techniques for dimensionality reduction have attracted much
attention in computer vision and pattern recognition [1].
From the perspective of pattern recognition, dimensionality
reduction is an effective way to avoid the “curse of dimen-
sionality” [2,3] and to improve the computational efficiency
of pattern matching.

Researchers have developed many useful dimensionality
reduction techniques. Principal component analysis (PCA)
[4-6] and Linear discriminant analysis (LDA) [5,7-9] have
been two of the most popular methods because of their rela-
tive simplicity and effectiveness. PCA performs dimension-
ality reduction by projecting the original n-dimensional data
onto the k-dimensional (k < n) linear subspace spanned by
the leading eigenvectors of the data’s covariance matrix.
Thus, PCA builds a global linear model of the data. LDA
searches for the projective axes on which the data point of dif-
ferent classes are far from each other (i.e. between-class scat-
ter is maximized), while constraining the data points in the
same class to be as close to each other as possible (i.e. within-
class scatter is minimized). Linear models, however, may fail
to discover essential data structures that are nonlinear. As a
result, a number of nonlinear dimensionality reduction tech-
niques have been developed to address this problem. Kernel-
based techniques and manifold learning-based techniques
are the two most popular nonlinear dimensionality reduc-
tion methods. The basic idea of kernel-based techniques,
such as kernel principal component analysis (KPCA) [10],
kernel Fisher discriminant (KFD) [11] and kernel ridge
regression [12], is to implicitly map the observed patterns
into potentially much higher dimensional feature vectors by
anonlinear mapping determined by a kernel. In contrast with
kernel-based techniques, the motivation of manifold learn-
ing is straightforward as it seeks to directly find the intrinsic
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low-dimensional nonlinear data structures hidden in the
observation space. Among the most well-known manifold
learning methods are isometric feature mapping (ISOMAP)
[13], local linear embedding (LLE) [14], and Laplacian
Eigenmaps [15]. Although such embeddings are good for
representation, they are defined only on the training data and
it is still unclear how to evaluate the embeddings on the test
data points.

To facilitate the nearest-neighbor searches for new test
data, recently, He et al. [16, 17] proposed locality preserving
projection (LPP), which attempts to preserve the data’s local-
ities or similarities in the low-dimensional Euclidean space.
In LPP algorithm, a local neighborhood similarity/affine
matrix, i.e. a graph, is constructed and used to model the
patterns’ distributions on the manifold. This idea was further
extended and a novel algorithm called marginal fisher anal-
ysis (MFA) was proposed in [18]. By using the Laplacian
penalty to incorporate the prior information that neighboring
pixels are correlated, smooth MFA (SMFA) was developed in
[19] to learn a smooth subspace for feature extraction. How-
ever, in MFA-family algorithms, the penalty graph character-
izing the interclass separability cannot reflect the neighbor
relationships between the different classes in that only the
kp nearest data pairs of the different classes are used and
other neighbor relationships of the different classes are dis-
carded. As a result, the penalty graph focuses more on the
local neighborhood of the outliers than elsewhere. Thus, the
projections of MFA are sensitive to outliers. Another disad-
vantage of MFA algorithm is that the k, nearest sample pairs
are found by the global searching among all the data pairs in
kp nearest neighbor samples. Thus, the computational com-
plexity of MFA is high and MFA algorithm is relatively time
consuming. In order to obtain a high recognition rate with
less computational time and to preserve all the advantages of
MFA, we construct the local interclass graph and a new algo-
rithm called maximal local interclass embedding (MLIE) is
proposed in this paper.

The remainder of this paper is organized as follows.
Section 2 outlines LDA and MFA. Section 3 develops
the idea of MLIE and the relevant theory and algorithm.
Section 4 describes the related experiments. Our conclusions
and future work are given in Sect. 5.

2 QOutline of LDA and MFA

2.1 LDA

LDA seeks to find a projection axis such that the Fisher crite-
rion (i.e. the ratio of the between-class scatter to the within-
class scatter) is maximized. Specifically, given a set of M

training samples (pattern vectors) xp, X2, ..., xps in R". The
between-class and within-class scatter matrices Sp and Sw
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are defined by

S = %;li (m; —my) (m; _mo)T’ )

c
Sw = % ZZ (xij = mi) (xij —mi)" @)
i=1 j=1

where x;; denotes the j-th training sample in i-th class, c is
the number of classes, /; is the number of training samples
in i-th class, and m; is the sample mean of i-th class, m, is
the global mean of all samples.

It is easy to show that Sp and Sy are both nonnegative
definite matrices. The Fisher criterion is defined by

ol Spw

3

max J, = max

LDA (@) o Swa
The optimal projections of LDA can be obtained by solving
the following generalized Eigen-equation

Spw = ASww 4

Let wy, wy, ..., wy be the generalized Eigenvectors of Eq.
(4) corresponding to the first d largest generalized Eigen-
values. Then Wi pa = [w1, w2, ..., wq] is the optimal trans-
formation matrix of LDA.

2.2 MFA

Marginal Fisher analysis [12] designs the intrinsic graph and
the penalty graph to characterize the intraclass compact-
ness and interclass separability, respectively. The intrinsic
graph describes the data points’ adjacency relationships of
intraclass, and each sample is connected to its k,, -nearest
neighbors in the same class. The penalty graph describes
the interclass marginal points’ adjacency relationships and
the marginal point pairs in k), -nearest neighbors of different
classes are connected.

By the following graph embedding formulation, interclass
separability is characterized by the penalty graph with the
term

=35> >

i (i.j)€Py,(ci) OF (i.j)EPy, (ci)

2
Hwa,- — a)ij H

=o' X (D" —W?) X", Q)
where
1, if (i, j) € P, (ci)or (i, j) € Pr,(ci)
P _ 14 4
Wij = [O, else. ©)

and D? is a diagonal matrix with diagonal elements dl.ll? =
Zj Wi‘;’., X = [x1,x2,...,xu], and Py, (c) is a set of
data pairs that are the k, nearest pairs among the set
{G, j),i € me, j & m.}, where m. denotes the index set
belonging to the c-th class. Note that constructing the penalty
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graph needs two steps: the first step is to calculate the pair-
wise distance between all samples and search for k), -nearest
neighbors; the second step is to calculate the pairwise dis-
tance among k, samples and search for k, -nearest neighbors
data pairs since there are k), (k,, — 1)/2 data pairs, and then
connect them. The computational complexity will be further
analyzed in Sect. 3.4.

Intraclass compactness is characterized from the intrinsic
graph by the term

1 2
SC = E Z Z Ha)Txi — a)TXj H
i ieN,jw(j) Or jeN," (i)
=o' X(D-W)Xw, (7)

where

1, ifi e Nt (j) orje N (i)
Wij: O w w

and D is a diagonal matrix with diagonal elements d;; =
> j Wij, and N ,:; (i) indicates the index set of the k,, nearest
neighbors of the sample x; in the same class.

With the intrinsic graph and penalty graph, MFA algo-
rithm aims to find the optimal projection

®)

otherwise.

o' X(D—-W)XTw
wl X(DP —WP)XTw'

WNEA = arg min 9)
w

The optimal projections can be obtained by solving the

corresponding generalized Eigen-equation:

X(D-W)X"w=1x (D" - W)X w (10)

The optimal projections of MFA are the d generalized eigen-
vectors corresponding to the first d smallest generalized
eigenvalues of Eq. (10).

3 Maximal local interclass embedding
3.1 Basic ideas

In graph-embedding algorithm, it is crucial to construct
the graphs that can reflect the relationships of the samples
correctly. In MFA algorithm, the intraclass compactness is
characterized by the intrinsic graph and the interclass sepa-
rability is characterized by the penalty graph. In our opinion,
the intrinsic graph is constructed correctly to characterize the
intraclass compactness. However, the penalty graph cannot
completely reflect the neighbor relationship between classes
because only the k, nearest point pairs of different classes are
used but other (or remaining) neighbor relationships between
samples in different classes are discarded. Discarding these
neighbor relationships may yield a bad result.

We randomly generate ten data points with an outlier in
one class and compute the projections of MFA and MLIE

using Matlab. The results are shown in Fig. 1. Figure 1 illus-
trates the drawback of penalty graph of MFA and the advan-
tage of the local interclass graph in the proposed method
when k, = k; = 2, where k; is the number of nearest neigh-
bors in the local interclass graph in our proposed method.
As it is illustrated in Fig. la, when there is an outlier, the
penalty graph only focuses on the local neighborhood of the
outlier (or k, = 2 nearest data pairs between different clas-
ses) and MFA yields a bad projection axis on which the sam-
ples in different classes are highly overlapped. It happens
that some samples in the same class may enter or be close
to the other classes when they are projected to the subspace
learned by MFA. In other words, some samples’ neighbor
relationships are thrown into confusion in the subspace of
MAF, which may greatly degrade the recognition rate. As a
result, MFA is sensitive to outliers. Another disadvantage of
MFA algorithm is that the k), nearest sample pairs are found
by a global searching among all the sample point pairs. Thus,
MFA algorithm is relatively time consuming.

In order to address these disadvantages and to obtain a high
recognition rate, a local interclass graph, which character-
izes the local interclass relationships, is constructed directly.
Then, a novel algorithm, called MLIE, is proposed.

3.2 Local interclass graph

By following the graph embedding formulation, interclass
separability is characterized by a local interclass graph with
the term

1 2
Sy = EZZ Hwai —a)ij H Wisj
i
1 s (T T T .\’
:EZZWlfj (w Xi —w xj) (a) Xi —w xj)
i

1
= Ea)T ZZWIYJ (xi —x;j) (xi —xj)T 0]
J

i

T
_ T s T Sy
=w E E D;;xix; E E Wl-j XiX;j w
i i

=o' X (D' - W) X"o (11)

where

1, ifi € N (xj)or j € N (xi)

WS = 12
Y [O, otherwise. (12)

N k: (x;) indicates the index set of the kg nearest neighbors
of x; in different classes and D' is a diagonal matrix with
diagonal elements dj; = 3> ; W',

Figure 1b shows the connected edges in local interclass
graph when k; = 2, which also shows the difference between
interclass graph and penalty graph. From the form of S;,
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Fig. 1 The graphs and the computed projections by MFA (a) and MLIE (b) when there is an outlier. a Penalty graph (k, = 2). b Local interclass

graph (ks = 2)

we can see that it just characterizes the sum distance or
the sum scatter of interclass in each local neighborhood
between the classes. It can also be seen that the sample points
of the local interclass graph are connected without further
local nearest neighbor searching (i.e. without second step in
constructing penalty graph in MFA), which is essentially
different from the penalty graph in MFA algorithm. Fig-
ure 1b illustrates the projection axis computed by the pro-
posed MLIE in the following Sect. 3.3 when k; = 2. The local
interclass graph not only considers the local neighborhood of
the nearest data pairs, but also takes the other relationships
between classes into account. As it is shown in the Fig. 1b,
maximizing the local interclass graph in MLIE will yield a
nice projection which is better than the one of MFA. The con-
nected points between different classes will be mapped far
apart as possible as it can in the low-dimensional space. Fig-
ure 1 also shows the robustness of the local interclass graph
against penalty graph when there are outliers.

3.3 MLIE algorithm

In summary of the preceding description, the following steps
provide the MLIE algorithm:

Step 1 Perform PCA transform of the data. Calculate the
dpca eigenvectors oy, a2, ...,Q¢p-, corresponding to
dpca largest positive eigenvalues. Let Wpc4 denote the
transformation matrix of PCA. For convenience, we still use
x; and X to denote the i-th sample and the data matrix in the
PCA subspace, respectively.

Step 2 Construct the intraclass graph and the interclass
graph. In the intraclass compactness graph, for each sample
x;, set the adjacency matrix W;; as defined in Eq. (8). In the
interclass graph, set the adjacency matrix Wf/. as described
in Eq. (12).
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Step 3 MLIE Criterion. After embedding, we want to keep
neighboring points close if they have the same label, whereas
prevent data points of other classes from entering the neigh-
borhood. With these two aspects in consideration, we arrive
at the following constrained optimization problem:

. 1 2
Maximize J (w) = 3 z Hwai —o'x; H Wi,
ij

=o' X (D' - W) X"w

. 1 2
subject to > Z Hwai —o'x; H Wij
ij

=o' XD -W)XTw=1, (13)

The optimization formulation essentially integrates the labels
and neighbor information through the two adjacency matri-
ces W and WS computed in Step 2 in MLIE algorithm.
Following the graph embedding framework [18], MLIE has
the maximized criterion

. oTX (DS —WHXTw
" = arg max —x >

o o' X(D-W)X'w

The criterion of Eq. (14) is formally similar to the classical
Fisher criterion since both of them are formed by Rayleigh
quotients. Therefore, we can obtain its optimal solutions by
solving a generalized Eigen-equation:

XD -w)XTw=2X(D-W)X o (15)

(14)

where X is the generalized eigenvalue and w is the general-
ized eigenvector, correspondingly. Suppose wy, wz, ..., wg
are the generalized eigenvectors associated to the first d
largest generalized eigenvalues of Eq. (15). Let W =

[w1, w2, ..., wq] be the optimal projection matrix.

Step 4 Output the final linear projection matrix as

w = WpcaW. (16)
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Fig. 2 Sample images of one
person from Yale face database

Once we have learned the projection matrix w using the
MLIE algorithm, the samples can be projected on this sub-
space and a suitable classifier can be used for classification.

3.4 Computational complexity of MFA and MLIE

As it is mentioned in Sect. 1, the computational complexity
of MFA is high. The computational cost of MFA with k-NN
penalty graphis O (m*n+m? log m—}—qdmk—i—}t(k(k— 1))2n+
T(k(k — 1))* log(Xk(k — 1))). The cost with local interclass
graph in MLIE is O(m*n + m> logm + qdmk).O(mzn)
is used to calculate the pairwise distance between m sam-
ples with n-dimensional features and (m? logm) is used for
k-nearest neighbors finding for all the m samples. 0(%(k
(k — 1))%n) is used for calculating the pairwise distance
in k-nearest neighbors samples and O(}t(k(k —1)? log(%k
(k — 1))) for finding all the local k-nearest neighbors data
pairs. The k-NN graph matrix is sparse and the Lanczos
algorithm [20] can be used to efficiently compute the first
d eigenvectors of the Eigen-problem in Egs. (10) and (15)
within O(gdmk), where ¢ is the number of iterations in
Lanczos. Thus, MLIE’s computational complexity is less
than that of MFA. Particularly, when k and n is relatively
large (when compared with m), MFA is significantly time
consuming. This point will also be proved in Table 3 by
experiments.

4 Application to face recogntion: experiments
and analysis

In this section, in order to evaluate the proposed MLIE
algorithm, we compare it with the PCA (Eigenfaces), LDA
(Fisherfaces), LPP (Laplacianfaces), neighborhood preserv-
ing embedding (NPE, the linearization of LLE) [21], MFA
and Smooth MFA (SMFA) algorithm on three face databases:
Yale, AR and ORL. The Yale database was used to examine
the performance of MLIE when both facial expressions and
illumination are varied. The AR database was employed to
test the performance of the algorithm under conditions where
there was a variation over time, in facial expressions, and in
lighting conditions. The ORL database was used to evaluate
the performance of the algorithm under conditions where the

Table 1 The maximal recognition rates (percent) of the seven methods
on the Yale database and the corresponding dimensions

Methods PCA LDA LPP NPE MFA SMFA MLIE
Recognition

rates (%) 92.00 93.33 93.33 93.33 94.67 96.00 98.667
Dimensions 30 14 32 16 16 17 14

face images were taken with a tolerance for some tilting and
rotation. Nearest neighbor classifier with Euclidean distance
was used in all the experiments.

4.1 Experiments using the yale database

The Yale face database (http://www.cvc.yale.edu/projects/
yalefaces/yalefaces.html) contains 165 images of 15 individ-
uals (11 different images per individual) under various facial
expressions and lighting conditions. In our experiments, each
image was manually cropped and resized to 50 x 40 pixels.
Figure 2 shows sample images of one person.

We focus on the case that there are outliers in training set
and test set. The experiment was performed using the first
six images (i.e., center-light, with glasses, happy, left-light,
without glasses, and normal) per class for training, and the
remaining five images (i.e., right-light, sad, sleepy, surprised,
and winking) for test. In the experiments, the left-light, right-
light and surprised images can be viewed as outliers. For fea-
ture extraction, we used, respectively, PCA, LDA, LPP, NPE,
MFA, SMFA and the proposed MLIE. Note that LDA, LPP,
NPE, MFA and MLIE all involve a PCA phase. In this phase,
we keep 89% image energy. The maximal recognition rate of
each method and the corresponding dimension are given in
Table 1. As it is shown in Table 1, the top recognition rate of
MLIE is significantly higher than those of the other methods.

Why can MLIE significantly outperform the other
algorithms? In our opinion, the reason is that the interclass
graph is more robust to reflect the neighborhood and the local
interclass relationships and provides more important discrim-
inant information than the penalty graph. Moreover, the local
interclass graph not only considers the local neighborhood
of the nearest data point pairs, but also takes the local inter-
class relationships into account. Thus, MLIE is superior to
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Fig. 3 Samples of the cropped images of one person on the AR face database

Table 2 The maximal recognition rates (percent) of the seven methods on the AR-7 database and the corresponding dimensions (shown in
parentheses) when the first 3, 4, 5 samples per class are used for training and the remaining for test

Training PCA LDA LPP NPE MFA SMFA MLIE

sample

number

5 75.00 (120) 95.50 (115) 96.25 (145) 95.83 (130) 97.08 (170) 97.50 (200) 98.33 (180)
66.67 (120) 91.33 (115) 92.22 (140) 87.22 (150) 88.06 (135) 93.89 (185) 95.83 (135)

3 73.54 (95) 94.17 (100) 93.96 (125) 94.17 (125) 93.75 (100) 94.37 (150) 96.04 (90)

MFA and SMFA. Since the locality is not taken into account
and the outlier images may cause errors in estimating within-
class scatter, between-class scatter and global covariance, the
classical methods, i.e. PCA and LDA, obtain low recognition
rates in face recognition. Furthermore, preserving the local-
ity can not maximize the separability of different classes. As
aresult, the recognition rates of LPP and NPE are lower than
that of MLIE.

4.2 Experiments using the AR database

The AR face database [22] contains over 4,000 color face
images of 126 people (70 men and 56 women), including
frontal views of faces with different facial expressions, light-
ing conditions, and occlusions. The pictures of 120 individ-
uals (65 men and 55 women) were taken in two sessions
(separated by two weeks) and each session contains 13 color
images. The face portion of each image is manually cropped
and then normalized to 50 x 40 pixels. 20 face images per
person are used in the experiments. The sample images of one
person used in the experiments are shown in Fig. 3. These
images vary in the following order: neutral expression, smil-
ing, angry, screaming, left light on, right light on, all sides
light on, wearing sun glasses, wearing sun glasses and left
light on, wearing sun glasses and right light on. The first
seven images in the first session are selected to form the
subset, called AR-7, which is used in these experiments in
current subsection. The 20 images per person in both sessions
are selected to form the subset, called AR-20, which will be
used for random experiments in Sect. 4.4.

@ Springer

On the AR-7 face database, the first [ (I = 3, 4and)5)
images per individual are selected to form the training sample
set. The remaining 7 — / images per individual are used for
test. For each [, PCA, LDA, LPP, MFA, SMFA and MLIE
are, respectively, used for face recognition. In the PCA phase
of LDA, LPP, MFA and MLIE, the energy is set to be above
95%. Finally, a nearest-neighbor classifier is employed for
classification. The maximal recognition rates and the dimen-
sions are shown in Table 2. From Table 2, we can see that
MLIE significantly outperforms MFA, SMFA and LDA. As
a supervised method, MLIE is more robust than MFA, SMFA
and LDA when there are different facial expressions and
lighting conditions, irrespective of the variations in training
sample size and dimensions.

Moreover, it should be noted that the recognition rates
of MFA is greatly degraded when the training number is 4
(please see Table 2). The reason may be that when there are no
lighting samples in training set the local neighbor information
cannot reflect or predict the neighbor relationships with the
lighting samples in test set in a certain sense. However, MLIE
is superior to MFA for characterizing the interclass relation-
ships. This also shows that the interclass graph is more robust
and reasonable to reflect the neighboring relationships and
provides more important discriminant information than the
penalty graph in MFA can do. With the interclass graph, a
new test point can be more reliably predicted by the nearest
neighbor criterion, owing to the locally maximized interclass
discriminating property. Thus, the experimental results are
consistent with the ones in Sect. 4.1 and also show that MLIE
is more robust than MFA when there are lighting variations.
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Table 3 Comparisons of CPU time (S) for feature extraction using
AR-7 database (CPU: Pentium IV 3.2GHz, RAM: 512 Mb)

#Training samples/class 3 4 5
MFA 2.812 4.14 8.25
MLIE 1.782 4.00 8.172

Another consistent observation from Tables 1 and 2 is that
SMEFA is also superior to MFA.

The MLIE method is also superior to MFA in terms of
computational efficiency for feature extraction. The com-
parisons of CPU Time corresponding to the top recognition
rate for feature extraction using AR-7 database are show in
Table 3. Table 3 shows that MLIE takes less time in feature
extraction. The main reason is that the k, nearest sample
pairs are found by a global searching among all the sample
pairs in MFA algorithm. However, MLIE avoids these steps
and constructs the interclass graph directly.

4.3 Experiments using the ORL database

The ORL database (http://www.uk.research.att.com/ face-
database.html) is used to evaluate the performance of MLIE
under conditions where the pose and the face expression vary.
The ORL face database contains 400 images from 40 indi-
viduals with 10 different images per individual. The facial
expressions and facial details (glasses or no glasses) also vary.
The images were taken with a tolerance for some tilting and
rotation of the face of up to 20°. Moreover, there is also some
variation in the scale of up to about 10%. All images normal-
ized to a resolution of 56 x 46. Sample images of one person
are shown in Fig. 4. The first five images per individual are
selected to form the training sample set. The remaining five
images per individual are used for test. Note that LDA, LPP,
NPE, MFA, and MLIE all involve a PCA phase. The exper-
imental results are shown in Table 4. From this experiment,
we find that the top recognition rates of MLIE, MFA and
SMFA are significantly higher than PCA and LDA on ORL
face database. The reason is that the local neighbor relation-
ships can provide important discriminant information. The
results also show that MLIE is superior to the other methods
because of the robustness of the local interclass graph.

Fig. 4 Sample images of one person from ORL face database

Table 4 The maximal recognition rates (percent) of the seven methods
on the ORL database and the corresponding dimensions when the first
five samples per class are used for training and the remaining for test

Methods PCA LDA LPP NPE MFA SMFA MLIE
Recognition
rates (%)  89.00 92.50 93.50 93.50 94.00 95.00 96.00

Dimensions 34 33 46 42 50 48 42

4.4 Random experiments

We performed random experiments on the three databases
mentioned above, e.g. Yale, AR-20 and ORL. A random sub-
set with T (T = 2, 3,4, 5) training samples per individual
was selected to form the training set and the rest of the data-
base was considered to be the test set in each database. 50
independent runs were performed on the Yale and the ORL
face databases, and 10 independent runs were performed on
the AR-20 face database. For ease of representation, Gm /Pn
means m images per person are randomly selected for train-
ing and the remaining n images are for test. Table 5 sum-
marizes the results of these experiments. All the recognition
rates were empirically optimized by choosing the best param-
eters within a wide range for each method. We compared the
recognition rates of PCA, LDA, LPP, MFA, SMFA and MLIE
in low-dimensional feature space using the nearest neighbor
classifier. In order to avoid singularities encountered in those
methods that require solving generalized eigenvalue prob-
lems, we use PCA to pre-process the data and keep above
95% image energy. The experimental results are shown in
Table 5.

From Table 5, we can see that MLIE achieves the best
performances in experiments. Since the constructed graphs
are different and the penalty graph is sensitive to outliers,
SMFA is slightly less effective than MLIE. Moreover, SMFA
is shown to be superior to MFA due to its smoothness, which
is consistent with the conclusion presented in [19].

5 Conclusions and future work

This paper develops a new approach for dimensionality
reduction of high dimensional data, which is called MLIE.
The projection of MLIE can be viewed as a linear approx-
imation of the nonlinear map that uncovers and separates
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Table S The average recognition rates (percent) and the corresponding dimensions (shown in parentheses) on the three face databases

Database ~ Method  PCA LDA LPP NPE MFA SMFA MLIE

Yale G2/P9 78.49 (29) 81.93 (14) 81.45 (22) 81.62 (30) 82.10 (28) 82.62 (28) 83.01 (29)
G3/P8 81.47 (40) 85.61 (14) 85.97 (24) 86.23 (39) 86.47 (35) 87.07 (38) 37.88 (40)
G4/P7 85.26 (37) 88.30 (14) 88.57 (21) 89.01 (33) 89.67 (28) 89.86 (39) 90.34 (40)
G5/P6 85.96 (40) 88.84 (14) 89.00 (18) 90.24 (35) 91.47 (38) 91.89 (39) 92.27 (39)

AR-20 G2/P18 6779 (150) 7221 (119)  72.45(140)  71.39(150)  72.56(150)  73.09(145)  73.91 (150)
G3/P17 71.83 (150) 7634 (119)  7639(130)  75.52(120)  77.83(150)  78.47 (140) 81.64 (150)
G4/P16  78.87 (150) 83.84 (119) 8439 (130)  84.14 (135) 86.48 (145)  87.46 (140) 88.83 (145)
G5/P15 79.84 (150) 87.45 (119) 88.68 (110)  88.31(145)  90.34(135)  90.64 (145)  91.28 (150)

ORL G2/P8 74.91 (50) 77.40 (39) 72.05 (48) 72.46 (49) 77.72 (50) 80.79 (47) 81.46 (50)
G3/P7 82.23 (46) 85.09 (39) 81.78 (46) 81.23 (46) 85.32 (47) 88.04 (50) 89.65 (45)
G4/P6 84.53 (34) 86.17 (39) 87.42 (36) 86.74 (49) 90.59 (48) 93.06 (49) 93.69 (48)
G5/P5 86.71 (46) 87.23 (35) 90.82 (34) 90.56 (49) 93.69 (44) 96.08 (48) 96.35 (35)

embeddings corresponding to different manifolds in the final
embedding space. MLIE seeks to find a projection that not
only maximizes the compactness of intraclass but also max-
imizes the local interclass scatter at the same time. This
characteristic makes MLIE more powerful to find the intrin-
sic low-dimensional nonlinear data structures for classifica-
tion tasks than LDA and MFA. The proposed MLIE is also
superior to MFA in terms of computational efficiency and
robust for feature extraction. Our experimental results on
three popular face image databases demonstrate that MLIE is
an effective method for face recognition. Although this paper
only focuses on linear dimensionality reduction techniques,
it should be figured out that the graph embedding framework
with different graphs can be generalized to kernel methods
[10,11]. In the future, we plan to study the variant extensions
of the graph embedding framework using kernel technique
such as kernel ridge regression [12].
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