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Abstract Local discriminant embedding (LDE) only

utilizes the local information and ignores the nonlocal

information. Although linear discriminant analysis (LDA)

utilizes the local information and the nonlocal information

simultaneously, it treats these two kinds of information

equally. As we know, the local information and the nonlocal

information are both effective for feature extraction, but they

have different roles in feature extraction. To utilize the local

information and the nonlocal information simultaneously

and utilize them distinctively, a new feature extraction

approach called weighted linear embedding (WLE) is pro-

posed by using the Gaussian weighting. Further, a method to

set the optimal parameter of the Gaussian weighting is put

forward. WLE is evaluated on YALE, FERET face

databases, the PolyU palmprint database, and the PolyU

finger-knuckle-print database. The experimental results

demonstrate the effectiveness of WLE.

Keywords Feature extraction � Principal components

analysis � Linear discriminant analysis � Local discriminant

embedding

1 Introduction

Since there are large volumes of high-dimensional data in

numerous real-world applications, dimensionality reduc-

tion is a fundamental problem in many scientific fields such

as visualization, computer vision, and pattern recogni-

tion. Feature extraction is an essential technique for

dimensionality reduction. With respect to pattern recogni-

tion, feature extraction is an effective approach to reveal

the distinctive features from the original data [1].

Principal components analysis (PCA) [2] and linear

discriminant analysis (LDA) [3] are two of the most pop-

ular feature extraction methods. They project the data into

a low-dimensional subspace via a projection matrix. These

two methods are based upon the assumption that the data

are Gaussian distributed and the testing data are drawn

from the same distribution as the training data. However,

this assumption cannot always be satisfied, because of the

limitation of data collection and the variations of input.

Recently, manifold learning methods such as Isomap [4],

locally linear embedding (LLE) [5], and Laplacian eigenmap

(LE) [6] are proposed for feature extraction. They seek to

find the intrinsic low-dimensional nonlinear data structure

hidden in observation space. However, because it is difficult

to map the new testing data to the low-dimensional space,

these manifold learning algorithms cannot be easily exten-

ded for classification. Locality preserving projections (LPP)

[7], locally embedded analysis (LEA) [8], and unsupervised

discriminant projection (UDP) [9] address this difficulty by

finding an explicit mapping for all the data. They are linear

manifold learning methods that consider the linear manifold

structure of the data. Nevertheless, these algorithms only

focus on preserving the localities and similarities of data, but

ignore the class information.

To further improve the discriminative power of manifold

learning methods, some new discriminant analysis methods

such as marginal Fisher analysis (MFA) [10], local dis-

criminant embedding (LDE) [11], conformal embedding

analysis (CEA) [12], locality sensitive discriminant analysis

(LSDA) [13], neighborhood discriminant projection (NDP)

[14], Laplacian bidirectional maximum margin criterion

(LBMMC) [26], and multi-manifold discriminant analysis
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(MMDA) [28] combine Fisher criterion [3] with manifold

learning criterion. They consider the local information and

the class information simultaneously, but neglect the non-

local information between samples which are far from each

other. However, the nonlocal information may be useful for

classification [9].

In this paper, we propose a new feature extraction

approach called weighted linear embedding (WLE), in

which the local information, the nonlocal information, and

the class information are all used sufficiently. For WLE, we

make use of the local information and the nonlocal infor-

mation distinctively according to their different effects. We

highlight some advantages of WLE algorithm as follows:

1. WLE is a supervised learning method, which leads to

its better classification ability than unsupervised

learning method like PCA and LPP.

2. By manifold learning theory, we know that the local

information is more important than the nonlocal

information in discovering the underlying manifold

structure of the dataset [5, 6]. WLE treats the local

information and the nonlocal information differently,

so it has better performance than LDA that treats these

two kinds of information equally.

3. WLE considers the nonlocal information and the local

information simultaneously. So it has better discrim-

inative power than the methods which only use the

local information like LDE.

In the past few decades, biometrics techniques such as

face recognition [2, 3, 15, 27], palmprint recognition [16–

18], and finger-knuckle-print (FKP) recognition [19–21]

have become the hot topics of pattern recognition and

computer vision. In this paper, WLE is used for extracting

the feature of face, palmprint, and finger-knuckle-print, and

the extracted feature is used for recognition. We do rec-

ognition experiments on YALE, FERET face databases,

the PolyU palmprint database, and the PolyU finger-

knuckle-print database. The experimental results demon-

strate the superior characteristics of WLE.

The rest of the paper is organized as follows: Sect. 2

outlines LDA and LDE. Section 3 describes the idea and

the formulation of WLE in detail. Section 4 presents the

experiments. Section 5 gives our conclusions.

For convenience, the important notations used

throughout the rest of the paper are listed in Table 1.

2 LDA and LDE

2.1 Linear discriminant analysis (LDA)

LDA aims to find a projection vector such that the

ratio of between-class scatter to the within-class scatter

is maximized after the projection. The between-class

scatter Sb and the within-class scatter Sw are denoted

as

Sb ¼
1

M

Xc

i¼1

liðmi � mÞðmi � mÞT ð1Þ

and

Sw ¼
1

M

Xc

i¼1

Xli

j¼1

ðxij � miÞðxij � miÞT ; ð2Þ

where xij is the jth training sample in class i. The criterion

of LDA is maximizing

JFðwÞ ¼
JbðwÞ
JwðwÞ

¼ wT Sbw

wT Sww
: ð3Þ

This can be transformed to solve the generalized eigenvector

corresponding to the largest eigenvalue in Sbw ¼ kSww.

Then, we could obtain the projection matrix of LDA by

selecting d eigenvectors of S�1
w Sb corresponding to the

d largest nonzero eigenvalues.

There is another way to describe LDA. First, we define

an adjacency matrix H by

Hði; jÞ ¼ 1; if xi and xj belong to the same class

0; otherwise
:

�
ð4Þ

Then, Sb and Sw are defined as

Sb ¼
1

2

1

MM

XM

i¼1

XM

j¼1

ð1� Hði; jÞÞðxi � xjÞðxi � xjÞT ð5Þ

and

Sw ¼
1

2

1

MM

XM

i¼1

XM

j¼1

Hði; jÞðxi � xjÞðxi � xjÞT : ð6Þ

Yang et al. [9] have proved that using Sb and Sw defined by

(5) and (6) to perform LDA is equivalent to the traditional

LDA when each class has the same number of training

samples.

Table 1 Summary of the notations used

Notations Description

n Sample dimension

c Number of classes

M Number of the training samples

li Number of training samples in class i

xi The ith training sample

mi Mean of the training samples in class i

m Mean of all training samples
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2.2 Local discriminant embedding (LDE)

LDE combines the local information and the class label

information of samples. It seeks to keep neighboring

samples close if they are from the same class and pre-

vent the samples of other classes from entering the

neighborhood.

LDE constructs neighbor graphs Gw for the samples

from the same class and Gb for the samples from different

classes. For Gw, an edge is added between xi and xj, if xi is

one of xj‘s kw-nearest neighbors, and they are from the

same class. For Gb, an edge is added between xi and xj, if xi

is one of xj‘s kb-nearest neighbors, and they are from

different classes.

Then, the adjacency matrices Hw for Gw and Hb for Gb

are defined by

Hwði; jÞ ¼
1; if xi and xj are connected in Gw

0; otherwise

�
ð7Þ

and

Hbði; jÞ ¼
1; if xi and xj are connected in Gb

0; otherwise

�
: ð8Þ

The Laplacian matrix pair [6] is computed like LPP [7] by

Lw ¼ Dw � Hw ð9Þ

and

Lb ¼ Db � Hb; ð10Þ

where Dw and Db are diagonal matrices with diagonal

elements Dw½i; i� ¼
PM

j¼1 Hwði; jÞ ði ¼ 1; 2; . . .;MÞ and

Db½i; i� ¼
PM

j¼1 Hbði; jÞ ði ¼ 1; 2; . . .;MÞ. The criterion

of LDE is maximizing

JLDEðwÞ ¼
PM

i¼1

PM
j¼1 Hbði; jÞðwT xi � wT xjÞ2

PM
i¼1

PM
j¼1 Hwði; jÞðwT xi � wT xjÞ2

: ð11Þ

This can be transformed to

JLDEðwÞ ¼
wTXLbXTw

wT XLwXT w
; ð12Þ

where X ¼ x1; x2; . . .; xMð Þ is the data matrix. So the pro-

jection matrix of LDE could be constructed by selecting

d eigenvectors of XLbXT w ¼ kXLwXT w corresponding to

the d largest nonzero eigenvalues.

3 Weighted linear embedding

From (5) and (6), we can see that the local neighbor

information and the nonlocal information of each sample

are treated equally in LDA when constructing Sb and Sw.

However, according to the manifold learning theory, we

know that the local information may be more important for

discovering the underlying manifold structure of the data-

set [5, 6]. So the local information and the nonlocal

information should be treated differently. As discussed in

Sect. 2.2, only the local information of each sample is

considered, while the nonlocal information is neglected in

LDE. Nevertheless, the nonlocal information may be also

useful for feature extraction and classification [9]. Hence,

both the local information and the nonlocal information

should be taken into account.

3.1 Idea

To consider the local information and the nonlocal infor-

mation together and treat them differently, we make use of

the Gaussian weighting. The Gaussian weighting function

is defined by

exp �
xi � xj

�� ��2

t

 !
: ð13Þ

The purpose of the weighting is to indicate the

importance of the relation between xi and xj. Gaussian

function is a strictly monotone decreasing function with

respect to the distance between xi and xj. Smaller is the

distance, more important is the relation. So this exactly

conforms to the fact that the local information is more

important than the nonlocal information.

Here, two adjacency matrices ~Hb and ~Hw using the

Gaussian weighting are defined by

~Hbði;jÞ

¼ exp � xi�xjk k2

tb

� �
; if xi and xj belong to different classes

0; otherwise

8
<

:

ð14Þ

and

~Hwði; jÞ

¼ exp � xi�xjk k2

tw

� �
; if xi and xj belong to the same class

0; otherwise

8
<

: :

ð15Þ

WLE aims to find a projection vector such that the ratio

of the weighted between-class scatter to the weighted

within-class scatter is maximized after the projection. The

weighted between-class scatter and the weighted within-

class scatter after the projection w are defined by

~JbðwÞ ¼
XM

i¼1

XM

j¼1

~Hbði; jÞðwT xi � wT xjÞ2 ð16Þ
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and

~JwðwÞ ¼
XM

i¼1

XM

j¼1

~Hwði; jÞðwT xi � wT xjÞ2: ð17Þ

This can be transformed to

~JbðwÞ ¼ wT Xð ~Db � ~HbÞXT w ð18Þ

and

~JwðwÞ ¼ wT Xð ~Dw � ~HwÞXT w; ð19Þ

where ~Dw and ~Db are diagonal matrices with diagonal

elements ~Dw½i; i� ¼
PM

j¼1
~Hwði; jÞ ði ¼ 1; 2; . . .;MÞ and

~Db½i; i� ¼
PM

j¼1
~Hbði; jÞ ði ¼ 1; 2; . . .;MÞ.Here, we also

define Laplacian matrix pair by

~Lw ¼ ~Dw � ~Hw ð20Þ

and

~Lb ¼ ~Db � ~Hb: ð21Þ

Now, the criterion of WLE is maximizing

JWLEðwÞ ¼
~JbðwÞ
~JwðwÞ

¼ wT X ~LbXT w

wT X ~LwXT w
: ð22Þ

We could get the projection matrix of WLE by selecting

d eigenvectors of X ~LbXT w ¼ kX ~LwXT w corresponding to

the d largest nonzero eigenvalues.

3.2 The method to set the parameter

Parameter selection occupies a significant position in the

algorithm. For the proposed WLE algorithm, the parame-

ters tb and tw appear in weighting calculation. The

weighting that could reflect the difference between the

local information and the nonlocal information should be

selected. In addition, to make the nonlocal information

effective, the weighting of the nonlocal sample pair cannot

be too small compared with that of the local sample pair.

Based on these two points, we give an approach to set tb
and tw.

Now, we discuss how to select tw. Compute all the

distances between every training sample pair from the

same class. Assume that dL and dN are any two distances,

dN [ dL. Here, dN can be seen as a distance of the nonlocal

sample pair, and dL can be seen as a distance of the local

sample pair. The Gaussian weighting constructed by dL and

dN is

gLðtwÞ ¼ exp �d2
L

tw

� �
ð23Þ

and

gNðtwÞ ¼ exp �d2
N

tw

� �
: ð24Þ

The difference of gLðtwÞ and gNðtwÞ could be represented

by the ratio of gLðtwÞ to gNðtwÞ:

R ¼ gLðtwÞ
gNðtwÞ

¼ exp
d2

N � d2
L

tw

� �

¼ exp
ðdN þ dLÞðdN � dLÞ

tw

� �
: ð25Þ

The expectation of dN ? dL can be estimated by 2 �dw and

dN - dL by 2Dw approximately, where �dw is the mean of all

the distances between every training sample pair from the

same class, and Dw is the standard deviation. Now, R can

be estimated by exp 4 �dwDw

tw

� �
, and it is only decided by

pw ¼ 4 �dwDw

tw
. We should select an appropriate pw. If pw is

given, tw can be computed by

tw ¼
4 �dwDw

pw
: ð26Þ

In the same way, if the appropriate parameter pb is given, tb
can be computed by

tb ¼
4 �dbDb

pb
; ð27Þ

where �db is the mean of all the distances between every

training sample pair from different classes, and Db is the

standard deviation.

Based on the above analysis, now WLE only needs to

set the parameters pw and pb. pw and pb are much eas-

ier to set than tw and tb. The optimal range of them is

not affected by the database very much. Through

experiments, it is found that WLE has the best perfor-

mance when pw is within the interval (0, 2) and pb is

(0, 8).

3.3 Links to LDA and LDE

Here, we discuss the connection of WLE and LDA and the

connection of WLE and LDE.

We know any positive value can be selected for pw and

pb. On one hand, when we set pw = 0 and pb = 0,

according to (26) and (27), we will have tw = ?? and

tb = ??. In this case, all the weighting exp � xi�xjk k2

tw

� �

and exp � xi�xjk k2

tb

� �
will be equal to one. Here, WLE is

equal to LDA in fact.

On the other hand, when we make pw and pb adequately

big, tw and tb will become very small. Let us see training

sample pair from the same class. When tw is very small,
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according to (25), the ratio of the weighting of the local

sample pair gL(tw) to the weighting of the nonlocal sample

pair gN(tw) will be greatly big. If this happens, gN(tw) can be

seen as zero compared with gL(tw). Now, for training

sample pair from the same class, only the local information

is considered actually. Similar to training sample pair from

the same class, when tb is very small, for training sample

pair from different classes, the local information is only

considered too. So WLE is similar to LDE when pw and pb

are adequately big.

Therefore, LDA and LDE can be seen as two special

cases of WLE.

3.4 The algorithm of WLE

As mentioned in Sect. 3.1, WLE can be transformed to

generalized eigenvalue problem: X ~LbXT w ¼ kX ~LwXT w.

However, X ~LwXT is often singular, because the training

sample size is smaller than the dimension of the data space.

This is so-called small sample size (SSS) problem [22].

To address this issue, we first use PCA to reduce the

dimension of the data so that X ~LwXT is nonsingular in the

PCA subspace.

The algorithm of WLE can be summarized as follows:

Step 1 Perform PCA on the original data. Denote the

transformation matrix of PCA by WPCA. Then, the

new PCA feature xPCA
i ¼ PT xi ði ¼ 1; 2; . . .;MÞ

Step 2: Use the new PCA feature xPCA
i ði ¼ 1; 2; . . .;MÞ

to construct the adjacency matrices ~Hb and ~Hw

by (14) and (15). Then, compute ~JbðwÞ and
~JwðwÞ using the adjacency matrices by (18)

and (19)

Step 3: Solve the criterion of WLE (22) by calculating

the eigenvectors q1; q2; . . .; qd of ðX ~LwXTÞ�1

X ~LbXT corresponding to the d largest nonzero

eigenvalues

Step 4: Let Q ¼ ðq1; q2; . . .; qdÞ. The projection matrix

of WLE is WWLE ¼ PQ. The new WLE feature

of a sample x could be formed by

y ¼ WT
WLEx ð28Þ

4 Experiments

In this section, the recognition experiments on YALE and

FERET face databases, the PolyU palmprint database, and

the PolyU finger-knuckle-print database are designed to

evaluate the performance of WLE. WLE algorithm is

compared with PCA, LPP, LDA, and LDE. The optimal

parameters for LPP, LDE, and WLE are set. For classifi-

cation, the nearest-neighbor classifier is employed.

4.1 Experiment on YALE database

The YALE face database was constructed at the YALE

Center for Computational Vision and Control. It contains

165 gray-scale images of 15 individuals. The images

demonstrate variations in lighting, facial expression, and

with/without glasses. In our experiment, every image is

manually cropped and resized to 100 9 80 pixels. Figure 1

shows eleven images of one person.

In the first experiment, WLE is performed with different

pw and pb. We use the first four, five, and six images per

person for training and the rest images for testing. Firstly,

we fix pb at 2 and vary pw from 0 to 8 with a step 0.4. The

recognition rates of WLE versus the variation of pw are

shown in Fig. 2. From Fig. 2, we can see that the maximal

recognition rates of WLE are mainly received when pw is

within the interval (0, 2), no matter how many samples are

used for training. Secondly, the parameter pw is fixed at 2,

and the parameter pb is varied from 0 to 20 with a step 1.

The recognition rates of WLE versus the variation of pb are

Fig. 1 Sample images of one

person on YALE database
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shown in Fig. 3. From Fig. 3, we find that WLE has a good

performance when pb is within the interval (0, 8), irre-

spective of training samples. These experimental results

demonstrate the conclusion of Sect. 3.3. From Figs. 2 and 3,

we can also see that the recognition rates of WLE versus

the variation of pw or pb fluctuate. This phenomenon can be

interpreted as follows: With the increase of pw or pb, the

effect of the local information is enhanced. However,

meanwhile, the effect of the nonlocal information is

reduced. These two aspects cause the fluctuation of the

recognition rates together.

In the second experiment, we compare the performance

of PCA, LPP, LDA, LDE, and WLE. Four images of each

subject are randomly selected for training, and the

remaining images form the testing sample set. The exper-

iment is repeated for 20 times. The maximal average rec-

ognition rates and standard deviations of each method and

the corresponding dimensions and optimal parameters are

shown in Table 2, where k represents k-nearest-neighbor

parameter of LPP. From Table 2, it can be seen that

supervised algorithms LDA, LDE, and WLE outperform

unsupervised algorithms PCA and LPP. Besides, LDE

performs a little better than LDA. We can also see that

WLE performs better than LDA and LDE, and it reaches

the maximal recognition rate when pw is equal to 1 and pb

is 0.4.

4.2 Experiment on FERET database

The FERET face database was sponsored by the US

Department of Defense through the DARPA Program

[23, 24]. It has become a standard database for testing and

evaluating face recognition algorithms. We do experiment

on a subset of the FERET database. The subset is com-

posed of 1,400 images of 200 individuals, each individual

has seven images. It involves variations in face expression,

pose, and illumination. In the experiment, the facial portion

of the original image was cropped based on the location of

eyes and mouth. Then, we resized the cropped images to

80 9 80 pixels and preprocess them by histogram equal-

ization. Seven sample images of one individual are show in

Fig. 4.

The first three images per person are chosen for training,

and the remaining four images for testing. PCA, LPP,

LDA, LDE, and WLE are applied for feature extraction.

Table 3 shows the best recognition results and the corre-

sponding dimensions and optimal parameters. Fig. 5 shows

the recognition rates of each method versus the variation of

dimensions. From Table 3 and Fig. 5, three main points

can be seen. First, LDA, LDE, and WLE outperform PCA
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Fig. 2 The recognition rates of WLE versus the variation of pw on

YALE database
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Fig. 3 The recognition rates of WLE versus the variation of pb on

YALE database

Table 2 The maximal average recognition rates (percent) and standard deviation (percent) of PCA, LPP, LDA, LDE, and WLE on YALE

database across 20 runs and the corresponding dimensions and parameters

Method PCA LPP LDA LDE WLE

Dimension 19 18 13 14 16

Average recognition rate 90.4 91.9 92.8 93.1 94.5

Standard deviation 2.4 3.0 2.9 3.8 3.0

Parameter – k = 2 – kw = 2, kb = 4 pw = 1, pb = 0.4
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and LPP. Second, LDE performs better than LDA. Third,

WLE performs best, and the optimal parameters for WLE

are pw = 1 and pb = 7.

4.3 Experiment on the PolyU FKP database

FKP images on the PolyU FKP database were collected

from 165 volunteers. These images are collected in two

separate sessions. In each session, the subject was asked

to provide six images for each of the left index finger, the

left middle finger, the right index finger, and the right

middle finger. The images were processed by ROI

extraction algorithm described in [20]. In the experiment,

we select 1,200 FKP images of the right index finger of

100 subjects. These selected images were resized to

55 9 110 pixels and preprocessed by histogram equal-

ization. Figure 6 shows twelve sample images of one

right index finger.

The first six FKP images collected in the first session are

used for training and the rest six collected in the second

session for testing. PCA, LPP, LDA, LDE, and WLE are

performed for feature extraction separately. Table 4 lists

the maximal recognition rates of five methods and the

corresponding dimensions and optimal parameters. It can

be seen from Table 4 that LDA outperforms LDE in this

experiment. This result is inconsistent with the results on

YALE and FERET face databases. However, we can also

see a consistent result that WLE has the best performance

among five methods. It has been analyzed that LDA and

LDE could be seen as two special cases of WLE. There-

fore, if the optimal parameters are selected, WLE can

always outperform LDA and LDE, no matter which one of

them performs better.

Fig. 4 Sample images of one person on FERET database

Table 3 The maximal recognition rates (percent) of PCA, LPP,

LDA, LDE, and WLE on a subset of FERET database and the cor-

responding dimensions and parameters

Method PCA LPP LDA LDE WLE

Dimension 151 150 51 73 65

Recognition

rate

54.1 45.1 54.9 56.9 59.1

Parameter – k = 2 – kw = 1,

kb = 2

pw = 1,

pb = 7
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Fig. 5 The recognition rates of PCA, LPP, LDA, LDE, and WLE

versus the dimensions on a subset of FERET database

Fig. 6 Sample images of one right index finger

Table 4 The maximal recognition rates (percent) of PCA, LPP,

LDA, LDE, and WLE on the PolyU FKP database and the corre-

sponding dimensions and parameters

Method PCA LPP LDA LDE WLE

Dimension 95 71 60 53 48

Recognition

rate

59.0 58.5 64.5 64.0 66.5

Parameter – k = 3 – kw = 3,

kb = 9

kw = 1.4,

kb = 0
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4.4 Experiment on the PolyU palmprint database

We do experiment on a subset of the the PolyU palmprint

database. The subset contains 600 images of 100 different

palms with six samples for each palm. Six samples from

each of these palms were collected in two sessions, where

the first three were captured in the first session and the

other three in the second session. The central part of each

original image was automatically cropped using the algo-

rithm mentioned in [25]. The cropped images were resized

to 128 9 128 pixels and preprocessed by histogram

equalization. Figure 7 shows six sample images of one

palm.

The first three palmprint images captured in the first

session are chosen for training and the remaining three

captured in the second session for testing. PCA, LPP, LDA,

LDE, and WLE are used for feature extraction. Table 5

lists the best recognition results of five algorithms and the

corresponding dimensions and optimal parameters. From

Table 5, it can be seen that LPP has a good performance in

this database, and it outperforms PCA, LDA, and LDE.

However, WLE still has the best performance. The

maximal recognition rate of WLE reaches 93.3% when pw

is equal to 0.4 and pb is 1.

5 Conclusions and future work

In this paper, we developed a new algorithm called

weighted linear embedding (WLE) for feature extraction.

Unlike LDA and LDE, WLE considers the local informa-

tion, the nonlocal information, and the class information

together, and the local information and the nonlocal

information are treated differently through using the

weighting. A method to set the parameters of WLE is put

forward, and the optimal range of the parameters is given.

The experimental results on YALE and FERET face

databases, the PolyU palmprint database, and the PolyU

finger-knuckle-print database indicate the effectiveness of

WLE.

The Gaussian function is selected as the weighting in

this paper. If there are more effective weighting that can

represent the different importance of the local information

and the nonlocal information more exactly, this weighting

may improve the recognition result further. We will

investigate this problem in the future.
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